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The coefficients relating the powers of x with sequences of the form
p0(x)=1,
pn(x)=(x&an) pn&1(x), for any n>0.
are well known: in one sense, we have the elementary symmetric functions, and in
the other, the complete symmetric functions. In this paper, through the use of the
theory of negative sets, we give expansions of rational functions in terms of sequences
of the above form extended as follows for n<0:
pn(x)=(x&an)&1 pn+1(x).
As an application, we generalize many well-known combinatorial identities.
 1998 Academic Press
1. INTRODUCTION
A sequence of polynomials of the form
p0(x)=1,
pn(x)=(x&an) pn&1(x), for any n>0,
is said to have persistent roots; that is, the roots of each polynomial persist
in the remainder of the sequence. For short, a sequence of polynomials
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with persistent roots will be called a persistent sequence (of polynomials).
The simplest persistent sequence of them all is the power sequence xn.
The coefficients expressing pn(x) in terms of xk are a standard part of the
high school mathematics curriculum. They are given by the elementary
symmetric functions:
(x&a1)(x&a2) } } } (x&an)= :
n
k=0
ek(&a1 , &a2 , ..., &an) xn&k.
Another old result, perhaps less well known, is that the connection
constants expressing xn in terms of pk(x) are given by the complete sym-
metric functions:
xn= :
n
k=0
hk(a1 , a2 , ..., an&k+1)(x&a1)(x&a2) } } } (x&an&k).
However, what are the connection constants between an arbitrary pair
of sequences of polynomials with persistent roots? And what are the
coefficients expressing a nowhere-zero rational function in terms of a
sequence of inverse formal power series with persistent poles,
pn(x)=(x&an)&1 pn+1(x),
for n negative?
Using the theory of negative sets [L1], we will show that these two
questions are fundamentally the same, and answer them both with a single
formula, that of the complementary symmetric functions. (So called since
they generalize or complement the complete and elementary symmetric
functions.)
Many sequences of combinatorial interest can be defined in terms of
connection constants. These methods, therefore, allow us to simultaneously
study these sequences, extending them to the negative case, demonstrating
their recursions, characterizing them with simple formulas, and providing
general inversion formulas. Along these lines, we will conclude with various
applications.
2. NOTATIONS
2.1. Negative Sets
In order to rigorously define the correspondence of the connection
constants problem of persistent sequences of polynomials with that of
sequences of inverse formal power series with persistent poles, we recall
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several notions from the theory of sets with a negative number of elements
[L1].
Whereas a multiset is formally a function from the universe to the
natural numbers, with each element being assigned its nonnegative ‘‘multi-
plicity,’’ we define a hybrid set to be a function from the universe to the set
of all integers. Thus, negative multiplicities are allowed.
We will denote hybrid sets by the usual set braces [ ], and insert a bar
in the middle [ | ]. Elements occurring with positive multiplicity are written
on the left of the bar, and elements occurring with negative multiplicity are
written on the right. For example, we write
f =[a, b, c, b | d, e, e]
to denote the fact that
f (a)= f (c)=1, f (b)=2, f (d )=&1, f (e)=&2,
and
f (x)=0 for all x{a, b, c, d, e.
When a function takes a hybrid set as its argument, the set braces will often
be omitted as an abuse of notation. Hybrid sets will be treated as the func-
tions that they really are; thus, one can speak of the sum of two hybrid
sets, their difference, or the negation of a hybrid set.
Often sets are written using ellipses for missing elements. For example,
[a1 , ..., a5] stands for the set [a1 , a2 , a3 , a4 , a5]. In the case of hybrid sets,
this notation turns out to be rather powerful.
Formally, ellipses are defined by the rules:
[a1 } } an]=[an | ]+[a1 } } an&1], and [a1 } } a0]=<=[ | ],
where [ | ] represents the empty or zero hybrid set. For example, to com-
pute [a1 } } a&1] note that
[ | ]=[a1 } } a0]=[a0 | ]+[a1 } } a&1].
Subtracting [a0 | ] from both sides, we obtain [a1 } } a&1]=[ | a0]. In
general, ellipses can be computed as follows:
[ai , ai+1 , ..., aj | ] if i j
[ai } } aj]={< if i= j+1[ |aj+1 , aj+2 , ..., ai&1 |] if i j+2
for any integers i, j.
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We define the sum (product) over a hybrid set as a sum (product) over
the universe:
:
x # f
ax= :
x # U
f (x) ax
‘
x # f
ax= ‘
x # U
a f (x)x
As with multisets, therefore, we take the multiplicity into account while
carrying out sums and products.
Finally, any summation or product from 1 to an integer n is regarded as
a summation or product over the hybrid set [1 } } n].
:
n
i=1
ai= :
i # [1 } } n]
ai
‘
n
i=1
ai= ‘
i # [1 } } n]
ai
even if n is negative!
2.2. Symmetric Functions
We define the (generalized) elementary symmetric function over a
(hybrid) set V of variables by writing its generating function
:
n0
en(V ) tn= ‘
x # V
(1+xt),
while the (generalized) complete symmetric function over a (hybrid) set V
of variables is given by the generating function
:
n0
hn(V ) tn= ‘
x # V
(1&xt)&1.
3. MAIN RESULTS
3.1. Complementary Symmetric Function
The complementary symmetric function combines the definition of the
elementary symmetric function with that of the complete symmetric func-
tion, and was inspired by the bisymmetric functions of [MNR]. It was
independently defined in a different context by [LS].
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Definition 1. Let V be a hybrid set of variables. Then the generating
function for the complementary symmetric function of degree n over V is
given by the product
:
n0
compn(V) tn= ‘
x # V
(1&xt),
that is
:
n0
compn(a1 , a2 , ... | b1 , b2 , ...) tn=
>i1 (1&ait)
>i1 (1&bit)
.
We immediately have the following relation between the complementary,
elementary, and complete symmetric functions.
Proposition 1. Let V1=[a, b, c, ... | x, y, z, ...] be a hybrid set of
variables. Let V2=[x, y, z, ... | a, b, c, ...] be the hybrid set with multiplicities
inverted. Finally, let V3=[&a, &b, &c, ... | &x, &y, &z, ...] be the hybrid
set with signs inverted. Then we have
compn(V1)=hn(V2)=en(V3).
In particular, the ordinary symmetric functions are obtained in the following
way:
en(a, b, c, ...)=compn(&a, &b, &c, ... | )
hn(a, b, c, ...)=compn( | a, b, c, ...)
Proof. By definition,
:
n0
compn(V1) tn= ‘
x # V1
(1&xt)=
(1&at)(1&bt) } } }
(1&xt)(1& yt) } } }
= ‘
x # V2
(1&xt)&1= ‘
x # V3
(1&xt)
= :
n0
hn(V2) tn= :
n0
en(V3) tn. K
Our next results are based on the following lemma which is a sort of
binomial theorem following the philosophy of [L2].
Lemma. Suppose V and W are two hybrid sets of variables. Their sum is
defined to be the hybrid set V+W in which every element has multiplicity
equal to the sum of its multiplicities in V and W. Then
compn(V+W )= :
n
k=0
compk(V ) compn&k(W )
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Proof. By writing,
:
n0
compn(V+W ) tn= ‘
x # V+W
(1&xt)= ‘
x # V
(1&xt) ‘
x # W
(1&xt)
=\ :n0 compn(V ) t
n+\ :n0 compn(W ) t
n+
= :
n0 \ :k0 compk(V ) compn&k(W )+ t
n.
Our statement follows. K
We have the following explicit characterization of the complementary
symmetric function.
Theorem 1. The complementary symmetric function compn(a1 , a2 , ... |
b1 , b2 , ...) is the signed sum of all monomials of degree n in the a’s and the
b’s in which the additive inverses of the a’s may appear but never with an
exponent greater than one where the sign is positive or negative depending on
whether an even or odd number of a's appear.
Proof. By our lemma,
compn(a1 , a2 , ... | b1 , b2 , ...)= :
n
k=0
compk(a1 , a2 , ... | ) compn&k( | b1 , b2 , ...).
By Proposition 1, we have, in turn,
compn(a1 , a2 , ... | b1 , b2 , ...)= :
n
k=0
ek(&a1 , &a2 , ...) hn&k(b1 , b2 , ...).
Here, as we recall, the elementary symmetric function is a sum of
monomials with no repeated variables and their complete symmetric func-
tion is a sum of monomials possibly with repeated variables. Thus, our
claim follows. K
The complementary symmetric function satisfies an interesting recursion.
Theorem 2. For all n, m, and k positive integers, we have
compn(a1 , a2 , ..., am | b1 , b2 , ..., bk)
=compn(a1 , a2 , ..., am&1 | b1 , b2 , ..., bk&1)
+(bk&am) compn&1(a1 , a2 , ..., am&1 | b1 , b2 , ..., bk).
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Proof. Apply the previous lemma. K
Note that this theorem holds equally well for m, k0 using the ellipsis
introduced in Section 2. The following expansion can be found in
[DDNP].
Theorem 3. The complementary symmetric function is given by the sum
compn(a1 , a2 , ... | b1 , b2 , ...)= :
1i1<i2< } } } <in
‘
n
t=1
(bit&t+1&ait)
over strictly increasing sequences of integers.
Proof. Apply Theorem 2 until all complementary symmetric functions
have disappeared either by reducing their degree to zero or by eliminating
all their variables. K
3.2. Connection Constants
In order to state the main result we must first introduce some terminol-
ogy regarding polynomials and rational functions.
Definition 2. Let (bn)n # Z be a sequence of constants indexed by an
integer, and let
gn(x)= ‘
n
i=1
(x&bi)
for all n positive or negative. That is,
b b b
g2(x) =(x&b1)(x&b2)
g1(x) =(x&b1)
g0(x) =1
g&1(x)=1(x&b0)
g&2(x)=1(x&b0)(x&b&1)
b b b
Then (gn(x))n # Z is called the sequence of rational functions with persistent
roots (bn)n # Z .
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Definition 3. Let f (x) be a monic rational function. f (x) can be
expanded in terms of its roots a1 , a2 , ..., an and its poles b1 , b2 , ..., bk as
follows:
f (x)=
(x&a1)(x&a2) } } } (x&an)
(x&b1)(x&b2) } } } (x&bk)
.
The hybrid set Root( f )=[a1 , a2 , ..., an | b1 , b2 , ..., bk] is called the hybrid
set of roots of f (x). Thus,
f (x)= ‘
r # Root( f )
(x&r).
We can now state our main result.
Theorem 4. Let f (x) be a monic rational function of degree n, and
(bk)kn a sequence of constants indexed by an integer. Then f (x) can be
expanded in terms of the sequence of rational functions (qk(x))kn with
persistent roots (bk)kn as follows:
f (x)= :
k0
compk(Root( f )&[b1 } } bn&k+1]) qn&k(x).
Notes. (1) For 0kn, the coefficient of qk(x) does not depend on
bk+2 , bk+3 , ..., bn even though initial consideration of this problem might
seem to indicate that it should.
(2) To interpret this theorem when k>n, recall the definition of the
ellipses from Section 2.
(3) The coefficient of qn(x) does not depend on the nonexistent bn+1
since comp0(V ) is identically 1.
Proof. We proceed by induction on the number of roots and poles
which f (x) possesses. The base case is thus f (x)=1.
In this case, the right-hand side of the equation is
:
k0
compk( | b1 } } b1&k) q&k(x).
For k=0, the summand is 1, since the complementary symmetric function
of degree 0 is identically 1 and q0(x)=1. The remaining terms are all of the
form
ek(&b0 , &b&1 , ..., &b2&k)
(x&b0)(x&b&1) } } } (x&b1&k)
,
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which is zero for lack of sufficiently many arguments to the elementary
symmetric function. Thus, the sum is 1 as required.
Next, assume the theorem holds for a rational function g(x). Now we
must prove it for f (x)=(x&a) g(x).
f (x)=(x&a) :
k0
compk(Root(g)&[b1 } } bn&k]) qn&k&1(x)
= :
k0
compk(Root(g)&[b1 } } bn&k])
_[(x&bn&k)+(bn&k&a)] qn&k&1(x)
=qn(x)+ :
k0
[compk(Root(g)&[b1 } } bn&k&1])
+(bn&k&a) compk(Root(g)&[b1 } } bn&k])] qn&k&1(x)
=qn(x)+ :
k0
[compk(Root( f )&[b1 } } bn&k])] qn&k&1(x)
= :
k$0
[compk$(Root( f )&[b1 } } bn&k$&1])] qn&k$(x),
where the fourth equality results from the recursion theorem.
The proof for f (x)= g(x)(x&a) can found by reading the above
sequence of equalities in reverse order. K
This theorem, if nothing else, gives rise to the following inversion
formula generalizing [M].
Corollary 1. Let (an)n # Z , (bn)n # Z , (cn)n # Z , and (dn)n # Z be sequences
of real numbers. Then
cn= :
k0
compn&k(a1 } } an | b1 } } bk+1) dk
for all n if and only if
dn= :
k0
compn&k(b1 } } bn | a1 } } an&k+1) cn&k
for all n.
Theorem 4 is particularly easy to state in the case of polynomials.
Corollary 2. Given constants (ai) i # N+ and (bi)i # N+ we have
(x&a1)(x&a2) } } } (x&a0)
= :
n
k=0
compk(a1 , a2 , ..., an | b1 , b2 , ..., bk+1)(x&b1)(x&b2) } } } (x&bk).
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As special cases of the above formula, we have the classical formulas
mentioned in the Introduction.
4. EXAMPLES
Other special cases of particular interest are given below.
4.1. Factorials
We begin with an expansion of an inverse formal power series, since this
lies outside of the usual theory. Let us expand 1x in terms of the sequence
of rational functions qn(x) with persistent poles [b1 , b2 , ...]; that is, expand
1x with respect to
q&1(x)=1(x&b1), q&2(x)=1(x&b1)(x&b2),
and so on.
By the main theorem,
1
x
= :
k0
compk( | 0, b1 , b2 , ..., b&k) q&k&1(x)
= :
k0
ek(&b1 , &b2 , ..., &b&k) q&k&1(x)
= :
j1
ej&1(&b1 , &b2 , ..., &b1& j) q& j (x)
= :
j1
(&1) j b1b2 } } } b1& jq& j (x),
so in particular, we have the following asymptotic identity:
1
x
= :
k>0
k!
(x+1)(x+2) } } } (x+k)
.
4.2. Stirling Number of the First Kind
One can define the Stirling number of the first kind s(n, k) to be the coef-
ficients of xk in the sequence of rational functions with persistent roots
(i+1)i # Z . This sequence generalizes lower factorial polynomials (x)n .
Also, it must be noted that Stirling numbers can be defined [L3] by the
equation
s(n, k)=
1
k!
Dk(x)n }x=0 ,
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which gives the coefficients of (x)n as a Laurent series for n<0 instead of
as an inverse formal power series. This definition leads to results which,
although similar, are not exactly the same as those below.
In our case, by the main theorem, we have
s(n, k)=compn&k(&1, &2, ..., 1&n | )
which simplifies to
(&1)n+k en&k(1, 2, ..., n&1)
for 0kn. We also have the recursion
s(n, k)=s(n&1, k&1)&(1&n) s(n&1, k).
Note that this definition and the results are equally valid for n negative, as
is the case with all the ensuing examples.
4.3. Stirling Number of the Second Kind
The connection constants in the other direction expressing xn in terms of
(x)k are called the Stirling number of the second kind. By the main
theorem,
S(n, k)=compn&k( | 0, 1, ..., k),
which simplifies to hn&k( | 1, 2, ..., k) for 0kn.
We also have the recursion
S(n, k)=S(n&1, k&1)+kS(n&1, k)
for all n.
4.4. Lah Numbers
We define the Lah numbers Ln, k to express the upper factorial (x)n
(which is the sequence of rational function with persistent roots
(&i&1) i # Z in terms of the lower factorials defined in the previous section.
By the main theorem,
Ln, k=compn&k(&1, &2, ..., &n+1 | 1, 2, ..., k)=\n&1k&1+
n !
k !
.
The recursion for these numbers is
Ln, k=Ln&1, k&1&(k+n&1) Ln&1, k
for all n.
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4.5. Binomial Coefficients
One can define the binomial coefficients ( nk) to be the coefficient of x
k in
the expression (x+1)n. Noting that (x+1)n is the sequence of rational
functions with persistent roots all equal to &1, we have
\nk+=compn&k(&1, &1, ..., &1
n
| )=en&k(1, 1, ..., 1
n
),
and Pascal’s recursion
\nk+=\
n&1
k&1++\
n&1
k +
for all n.
4.6. Gaussian Coefficients
We define the Gaussian coefficients [ nk]q to be the coefficient of x
k in the
sequence (indexed by an integer n) of rational functions with persistent
roots (&qi&1) i # Z .
Again, by the main theorem,
_nk&q =compn&k(&1, &q, ..., &qn&1 | )
which for 0kn leads to
_nk&q =en&k(1, q, ..., qn&1).
Finally, for all n and k, we have the recursion
_nk&q =_
n&1
k&1&q +qn&1 _
n&1
k &q .
5. FINAL REMARKS
We observe that the recursion formulas given in the previous section
are instances of a more general formula [DDN] involving the connection
constants of sequences of polynomials. Moreover, this recurrence applies to
Whitney numbers of some geometric lattices [DDR]. There is a highly
developed theory of connection constants with the Umbral Calculus and
its generalizations. Thus, we believe Sheffer sequences and sequences of
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binomial type with persistent roots can play a key role in relating the
connection constant problem in these two contexts [L2]. We believe the
present theory to be a unifying ground for a wealth of classical
combinatorial identities.
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